A class of the D = 4 gravity models describing a coupled system of n Abelian vector elds and the symmetric n n matrix generalizations of the dilaton and Kalb{Ramond elds is considered. It is shown that the Pecci{Quinn axion matrix can beentered and the resulting equations of motion possess the S p (2n; R) symmetry in four dimensions. The stationary case is studied. It is established that the theory allows a {model representation with a target space which is invariant under the S p [2(n + 1 ) ; R ] group of isometry transformations. The chiral matrix of the coset S p [2(n + 1 ) ; R ] =U(n + 1 ) is constructed. A K ahler formalism based on the use of the Ernst (n + 1 ) ( n + 1 ) complex symmetric matrix is developed. The stationary axisymmetric case is considered. The Belinsky{Zakharov chiral matrix depending on the original eld variables is obtained. The Kramer{Neugebauer transformation, which algebraically maps the original variables into the target space ones, is presented.
I. INTRODUCTION
Last years much attention had been attracted by the study of symmetries for gravity models arising as the low energy limit of superstring theory [1] { [7] . This activity was motivated by the problems of supersting theory, a s w ell as by the remarkable results obtained for the Einstein and Einstein{Maxwell theories in three and two dimensions. Namely, it had been established the chiral matrix formulations for the latter theories in the stationary case, and their complete integrability in the stationary axisymmetric case [8] { [21] .
Recently it was shown that the simplest string gravity model, the Einstein{Maxwell{ Dilaton{Axion (EMDA) system, can be represented as the 2 2 matrix generalization of the pure Einstein theory [22] { [23] . It means that one can exchange the complex symmetric 22 matrix, describing the EMDA theory in three dimensions, by the Ernst potential of the Einstein theory to obtain this last one from the former system [22] . Thus, the mentioned matrix (the Ernst matrix potential) generalizes the Ernst potential to the EMDA case, and both the Einstein and EMDA theories belong to the same class of gravity models. In [23] it was shown that the established analogy is even the more complete one, and can benaturally prolonged to the stationary axisymmetric case. It had been shown, that the EMDA system, as the Einstein theory, allows both the target space representation and the formulation based on the use of the original eld components. These two formulations are dierentially related in three dimensions and can be algebraically mapped one into another in two dimensions [23] . This map is known as the Kramer{Neugebauer transformation for the stationary axisymmetric Einstein equations [24] ; its existence is an important property of the theory [25] . The formal properties of the EMDA theory do not actually depend on the Ernst matrix potential dimension and it is possible to consider a series of similar gravity models in three and two dimensions. All these models exist as the chiral ones and possess the remarkable features of the Einstein theory. But rst of all one must give the answer to the question what kind of the four{dimensional theories being reduced to three and two dimensions lead to such models.
In this paper we present such a class of four{dimensional theories. Any theory generalizes the EMDA system by the following way: here the dilaton and Kalb{Ramond elds become the n n symmetric matrices, and instead of the Maxwell eld one has the column of n Maxwell elds (thus, the EMDA theory corresponds to the case of n = 1).
It is shown that one can introduce the Pecci{Quinn axion matrix for an arbitrary n 1 and that the resulting equations of motion possess the S p (2n; R) hidden symmetry. This fact generalizes the one for the EMDA theory which S p (2; R ) S L (2; R ) symmetry is known as the S{duality [26] { [27] . Also it is shown that the model admits the discrete symmetry transformation which had been named as the \strong{weak coupling duality" for the low energy heterotic string theory with moduli elds in four dimensions [3] .
In the next section we consider the stationary case and reduce the four{dimensional model with an arbitrary n to three dimensions. We use an approach which was rstly formulated by Israel and Wilson for the Einstein{Maxwell theory in [28] , and recently had been generalized to the EMDA theory in [29] . It is shown that the system under consideration allows the {model representation with a symmetric target space, which is a natural matrix generalization of the EMDA one.
Then, the K ahler formalism based on the use of the (n + 1 ) ( n + 1 ) Ernst matrix potential is developed. It is shown that the motion equations become the matrix{valued Ernst equation. The chiral 2(n + 1 ) 2(n + 1 ) matrix constructed on the real and imaginary parts of the Ernst matrix potential is presented. This matrix belongs to the coset S p [2(n+ 1 ) ; R ] =U(n+1), and the established chiral formulation possesses the S p [2(n+ 1 ) ; R ] group of symmetry transformations. The corresponding transformations for the Ernst matrix potential have the \matrix{valued S L (2; R ) form" and directly generalize the transformations for the Einstein theory. Also it is shown that the S p (2n; R) symmetry, corresponding to the one of the four{dimensional motion equations, exists as the subgroup of the complete S p [2(n + 1 ) ; R ] symmetry group. At the end of the section the discrete transformation, which is the analogy of the strong{weak coupling duality for the low energy heterotic string theory in three dimensions [4] , is presented.
In the following section we demonstrate some new features of the model, which arise in the stationary axisymmetric case. It is established that the theory allows the alternative Ernst{like formulation using two real (n + 1 ) ( n + 1) matrices, which are the nondualized (i.e., depended on the original non{target space eld components) analogies of the Ernst matrix and its complex conjugation. These two real matrices are used for the construction of the new 2(n + 1 ) 2(n + 1 ) c hiral matrix which coincides with the Belinsky{Zakharov one for the case of the Einstein theory (see also [23] for the EMDA theory case). This new matrix undergoes the same S p [2(n + 1 ) ; R ] transformations as the coset chiral matrix under the action of the isometry group. The above mentioned real Ernst{like matrix potentials transform as their complex Ernst analogies.
At the end of the paper we present the Kramer{Neugebauer map for an arbitrary n. It turned out that this transformation has an especially simple form in terms of the real and complex pairs of the Ernst matrix potentials.
II.FOUR{DIMENSIONAL EQUATIONS
In this paper we consider a class of gravity models with the action 4 
where R is the Ricci scalar for the metric g , ( = 0 ; :::; 3); F = @ A @ A and
Here the symmetric n n matrix p is constructed on the scalar eld components (p = e 2 for the EMDA case, where is the dilaton eld), B is the symmetric n n matrix which contains the antisymmetric tensor Kalb{Ramond elds (i.e., B T = B and B = B ), and A is the n 1 column of the Abelian vector elds. This action describes the Einstein and EMDA theories in the cases of n = 0 and n = 1 respectively and provides their natural generalization for an arbitrary n. The models of such type arise in the low energy limit of the heterotic string theory after the compactication of extra dimensions on a torus [1]{ [7] . As it has been done for the EMDA theory and for the string gravity with moduli elds, one can establish an alternative formulation of the problem which is connected with the dualization of the axion eld H in four dimensions. Namely, using the rst equation of the Euler{Lagrange ones, r (pH p) = 0 ; (3) r (pF ) + 1 2 pH F = 0 ; (4) rJ p + pFF T 2
where J p = ( r p ) p 1 , i t is possible to introduce the symmetric pseudoscalar matrix q,
generalizing the Pecci{Quinn axion eld. It satises the relation rJ q J p J q + pF F T = 0 ; (8) where J q = (rq)p 1 andF = 1 2 E F , which together with Eqs. (4){(6), rewritten using Eq. (7) as r (pF + qF ) = 0 ; (9) rJ p + ( J q ) 2 + pFF T = 0 ; (10) 
form the complete system for the action
The action of this type rstly was considered by Breitenlohner, Gibbons and Maison in [31] , where some remarkable properties of the model had been established. The main purpose of this paper is to show a complete formal analogy between the series of models describing by the action (1), and the Einstein theory in three and two dimensions. However, the simplest representative of the series, which possesses all the typical properties in four dimensions, is the EMDA theory. Namely, let us establish the symmetries of the theory for an arbitrary n 1. To do it one can introduce the complex variables z = q + ip; (13) 
Then the set of motion equations obtains the form:
where J z = rz(z z) 1 (see also [26] for the EMDA case). It is not dicult to prove using a straightforward calculation that these equations are invariant under the transformation z ! s T (z 1 + l) 1 s + r; F ! s 1 (I + lz)F; (18) where the constant matrices r T = r, l T = l and s are real. The former formula from (18) also can berewritten using the following 2n 2n matrices m = 0 B B @ p 1 p 1p 1 p+qp 1 q 1 C C A (19) (see the similar matrix for the Einstein{Dilaton{Axion theory in [32] (20) as m ! g T mg: (21) The above introduced matrix g satises the relation g T j g=j ,where
and I is the unit matrix, so that g 2 S p (2n; R) (also from the relations m T j m=jand m T = m it follows that m 2 S p (2n; R)=U(n), see the third chapter for details). Thus, the motion equations possess the S p (2n; R) symmetry for an arbitrary n 1.
Not all the symplectic transformations (21) can be represented in the Gauss decomposition form (20) . For example, one can prove that j 2 S p (2n; R), but only the limit procedure dened by the matrices l = r = s ! 1 allows to obtain the matrix j from Eq. (20) . The corresponding map is m ! m 1 ; and using complex variables one has:
z ! z 1 ;F ! z F : (23) It is not dicult to prove that this transformation is actually the symmetry transformation for the equations (15){ (17) . The map (23) generalizes the strong{weak coupling duality of the EMDA theory to the case of an arbitrary n. It has the same form as the transformation established for the low energy heterotic string theory with moduli in four dimensions [3] . It is easy to see that only the GL(n; R) subgroup of the complete S p [2(n + 1 ) ; R ] group, dened by a matrix s, preserves the action (12) which can berewritten as
The situation is the same one as for the EMDA theory which possesses the S p (2; R ) S L (2; R ) symmetry only for the motion equations [26] { [27] . This symmetry is connected with the notable S{duality for the low energy heterotic string theory. The subgroup S L (2; Z ) of the group S L (2; R ) i s an exact symmetry for the heterotic string in four dimensions [3] . Also one can see that the discussed models do not possess any analogy with the T{duality transformations [3] , thus the established S p (2n; R) symmetry is the single non{trivial one.
III.REDUCTION TO THREE DIMENSIONS
In this section we study the stationary case using the classical approach of Israel and Wilson [28] . This method also had been explored for the EMDA theory analysis [29] ; its application to the string gravity with moduli elds one can nd in [4] .
First of all, it is convenient to parametrize the four{dimensional line element as ds 2 4 = g dx dx = f(dt ! m dx m ) 2 f 1 h mn dx m dx n ; (25) where m = 1; 2; 3. (In this section all vector variables, as well as the operator r, will be related with the three{metric h mn ). Then, the = m component of Eq. (9) allows to introduce the magnetic potential u according to pF mn + qF mn = 1 p 2 f E mnk u ;k ; (26) while for the electric potential v we put F m0 = 1 p 2 v ;m : (27) Using the relations [28] r[f 1 p 1 (ru qrv)] = f 2 rv: (29) The equations (8) and (10) 
Then, the ( m 0 ){component of the Einstein equations (11) (36) Hence, this system allows the sigma{model representation in the stationary case. This result contains the one for the EMDA theory [29] { [30] , which admits some compact matrix formulations. To establish them for an arbitrary n, it is convenient to introduce the complex potentials = u zv; (37) 
which together with the matrix z, entered before (13), form the set of Ernst{like potentials [33] { [34] for this problem (see also [22] for the EMDA case). These potentials can be combined into the following (n + 1 ) ( n + 1) symmetric matrix
which provides the K ahler representation of the model. Namely, it is easy to check that
where J E = rE(E E) 1 and the 2{form K = 2 iTr(J E^ J E ), corresponding to the target space metric dl 2 = 2 T r ( J E J E ) with J E = dE(E E) 1 , is exact. The K ahler formulations of the Einstein and Einstein{Maxwell theories are well known in the literature [16] . The another examples of the K ahler systems one can nd in [35] .
The equations following from the action (39)
coincide with the Ernst ones [33] in the case of n = 0 . Thus, it is natural to name the matrix function E as the \matrix Ernst potential" for an arbitrary n. This Ernst{like representation for the model provides the above mentioned complete formal analogy between it and the Einstein theory in the stationary case. Then, using the real and imaginary parts of E = Q + iP,
where w = u qv, one can rewrite the action (39) as (1) and (2) which had been named as \nondualized" ones in [23] for the case of the EMDA theory.
The remaining components of the Kalb{Ramond eld B mn 1
as it follows from Eqs. (7) and the t{independance of the q. Then, it is easy to see from Eqs. (47) that the matrices P and satisfy the relation r [ P r ( )P ] = 0 which also can berewritten using the matrix current J~ = Pr as r J J J P = 0 :
This relation together with Eqs. (45) and (46), expressed in terms of the matrices P and, rJ P + ( J ) 2 = 0 ;
(51)
form the set of motion equations for the action
thus these matrices provide an alternative Lagrange formulation of the theory under consideration.
To establish the symmetry group of the system, it is convenient to introduce the 
It is known that in the case of n = 0 (for the Einstein theory) a matrix M belongs to the coset S p (2; R ) =U(1) (or, equivalently, to the S L (2; R ) =O(2)) [12] . Also, it has been established that for the EMDA theory one has M 2 S p (4; R ) =U(2) [22] , [36] . Hence, it is natural to suppose that M 2 S p [2(n + 1 ) ; R ] =U(n + 1) for an arbitrary n. 
where~ T S = ~ S and~ T R =~ R . From the other hand, the generators u of the group U(n + 1 ) can be found from the relation U + U = I in the innitesimal case of U = I + u. The result is:
where u T 1 = u 1 and u T 2 = u 2 are the real (n+ 1 ) ( n +1) matrices. Now one can prove using a straightforward calculation of the commutators for the corresponding generators that the waiting isomorphism can bedened as S u 1 ;~ R u 2 :
Now let us establish the action of the S p [2(n + 1 ) ; R ] group of the isometry transformations on the Ernst matrix potential E. One can see that the matrix Thus, the matrix E undergoes the \matrix{valued S L (2; R )" transformations which are the matrix generalizations of the S L (2; R ) ones for the Einstein theory. Namely, the transformation dened by the matrix L is the matrix generalization of the Ehlers one [37] , while the matrices S and R dene the transformations which generalize the rescaling and gauge shift correspondingly for the stationary Einstein system [12] .
The transformation (65) has the same form as the transformation for the matrix z in Eq. (18) . It is not dicult to prove that one can identify the S p (2n; R) subgroup of the complete group S p 
where l T = l and r T = r, with the S p (2n; R) symmetry transformations (18) of the motion equations (15){(17) in the stationary case.
As an example of a symplectic transformation which can not be represented in the form of (64), one can take the matrix J. It is easy to see that the corresponding map is M ! M 1 and its complex representation has the form E ! E 1 . This transformation can be obtained from the decomposition formula (64) using the limit procedure as it has been done in the four{dimensional case. It also provides an analogy with the strong{weak coupling duality transformation of the low energy heterotic string theory with moduli in three dimensions [4] .
At the end of this section we want to note that all the transformations discussed here preserve both the actions and the corresponding sets of motion equations.
IV. TWO{DIMENSIONAL CASE
In this section we consider some additional properties of the theory which arise in the stationary and axisymmetric case.
Here one can parametrize the three{dimensional line element in the Lewis{Papapetrou form: ds 2 
while the Einstein equations (58) become the relations dening the function :
(the operator r is connected with the at metric ab in this section).
The remarkable fact is that one can obtain the another chiral matrix for the stationary axisymmetric equations of the problem. To make it, we rstly consider the formalism based on the use of the matrices P and Q. It is easy to see that the '{independent equations of motion (44) 
Also, from Eq. (46) one obtains:
The equation (71), being written as r[P 1 (rQ)P 1 ] = 0, provides the compatibility condition for the relation r = P 1 (rQ)P 1
which denes the symmetric matrix (here, accordingly with [12] ,r = r z andr z = r ).
Then, using a straightforward calculation one obtains that
It is easy to see that the compatibility condition for the relation (75), rewritten as rQ = 1 P(r)P, and the equation (72), expressed in terms of the matrices P and , r( 1 J ) + 1 J J P = 0 ; (77) r( 1 J P ) + 1 ( J ) 2 = 0 ;
form the Euler{Lagrange set of equations for the action
where J = Pr. Also one can see from Eq. (49), that rC = 0 and, xing a gauge, it is possible to putC = 0 without lose of generality. Then, for the function one has:
The new chiral matrix N can bedened as follows 
It is easy to check that the introduced symmetric matrix N satises the non{group relation
which is equivalent to the normalization condition detN = 2 in the case of the Einstein theory (see also [23] for the EMDA case).
An analogy between the model under consideration and the Einstein theory allows to establish one additional property of the system. Namely, the relation (75) provides the dierential correspondence between the formulations of the problem based on the use of the dualized matrix Q and the original one . The remarkable fact is that also there is a pure algebraical map P ! P 1 ; Q ! i; where is connected with matrices P and , and Q is related with the formulation using P and Q. The map (86) coincides with the Kramer{Neugebauer transformation in the cases of n = 0 [24] and n = 1 [23] and can naturally preserve this name for an arbitrary n. Now let us establish the action of the S p [2(n + 1 ) ; R ] group on the matrices P and . To make it one can introduce the matrices E = P 1 : 
Thus, the real nondualized matrix variables E transform under the S p [2(n + 1 ) ; R ] group of transformations as the matrix Ernst potentials E and E. The entered matrices E , being the analogy for the Ernst ones E and E, provide also the compact Lagrange formulation of the problem. Namely, one can check that the action (79) can be rewritten as 2 
V. CONCLUSION
In this paper we h a v e considered a class of gravity models with the Einstein theory as the rst representative, the EMDA theory as the second one, etc. It is shown that all the models have the same formal properties which are the natural matrix generalizations of the ones for the Einstein theory in three and two dimensions. Namely, the substitution P ! f; Q! and !! (or ! ! in the stationary axisymmetric case) directly transforms all the relations for n 1 to the Einstein theory relations. An analogy established here is even a more complete one, and it is possible to develop the Hauser{Ernst formalism [17] , [19] and to construct the Geroch group [8]{ [9] in the stationary axisymmetric case for the model with an arbitrary n.
